We study the existence and multiplicity of nontrivial periodic solutions for a semilinear fourth-order ordinary differential equation arising in the study of spatial patterns for bistable systems. Variational tools such as the Brezis-Nirenberg theorem and Clark theorem are used in the proofs of the main results.
Introduction
In this paper we study the existence and multiplicity of periodic solutions of a fourth-order ordinary differential equation of the form
where A and B are constants and f (x, u) is a continuous function, defined in R 2 , whose potential F(x, u) = u 0 f (x, t) dt satisfies suitable assumptions. The problem is motivated by the study of * Corresponding author. 
in which p > 0 corresponds to the EFK equation and p < 0 to the SH equation. In this note we are interested in the existence of 2L periodic solutions of Eq. (1) which is a generalization of Eq. (2). We consider the solvability of the boundary value problem (P) for Eq. (1) with boundary conditions
The solvability of (P) for some extension of Eq. (2) was studied in [1, 3, 4, [7] [8] [9] [10] [11] by variational methods. We suppose that f (x, 0) = 0, ∀x ∈ R and the potential F(x, u) = u 0 f (x, s) ds satisfies the following assumptions:
(H 1 ) There is a number p > 2 and for each bounded interval I there is a constant c > 0 such that
as u → 0, uniformly with respect to x in bounded intervals. A typical example which satisfies (
The problem (P) has a variational structure and its solutions can be found as critical points of the functional
In this work we obtain nontrivial critical points of the functional I using Brezis-Nirenberg's linking theorem and Clark's theorem (see [2, 5, 6] ).
It is easy to see that if 4B ≥ A 2 and f (x, u)u > 0 for x ≥ 0 and u = 0 the problem (P) has only the trivial solution. We shall assume 4B < A 2 and study separately the cases A ≤ 0 (EFK equation) and A > 0 (SH equation). Our main results are:
for B < 0 and let the function F(x, u) satisfy
problem (P) has at least two nontrivial solutions. If moreover F(x, ·) is even for each fixed x and L > nL 1 there exist n distinct pairs of nontrivial solutions of (P). (b) Let F(x, ·) be convex for each fixed x. Then the problem (P) has only the trivial solution provided that either
and h n = (n 2 +n)A 
is convex for each fixed x the problem (P) has only the trivial solution provided that one of the following holds:
where T n+1 is a finite union of bounded intervals.
Sketch of proofs
One can prove that a weak solution of (P) is a classical solution of (P) (see [11] , Proposition 1). Weak solutions of (P) are critical points of the functional I :
The following lemmas play an important role in further considerations.
induces an equivalent norm in X (L). The set of functions sin
nπ x L
: n ∈ N is a complete orthogonal basis in X (L). 
Lemma 2. Let A, B be constants and f (x, u) be a continuous function such that (H 1 ) holds. Then the functional I is bounded from below, coercive and it satisfies the (P S) condition.

Proof of Theorem 1. The polynomial p(ξ )
and
Step
, and set c
The functional I satisfies the (P S) condition. In view of Brezis-Nirenberg's linking theorem (see [2] ), for L > L 1 the functional I has at least two nontrivial critical points. Suppose that the function F(x, u) is even with respect to u. Then I is an even functional and by Clark's theorem (see [11] ) for L > nL 1 there exist at least n pairs of nontrivial critical points of I .
Step 2. Trivial solutions.
Let F be a convex function, 
The graphs of functions p n (L) with A = 1 and n = 1, 2, 3 are presented in Fig. 2 .
In this case the proof is finished exactly as in the proof of Theorem 1,
Step 1 for nontrivial solutions and Step 2 for trivial solutions.
Step 2. Nontrivial solutions in the case B > 0. Let
Hence, given n ∈ N, if k ∈ N is the largest integer satisfying (8) the condition L ∈ ∆ n ∩ ∆ n+k is equivalent to the set of inequalities
With a computation similar to the Step 1 in the proof of Theorem 1 one can show that I has a local linking at 0. Then I has at least two nontrivial critical points by the Brezis-Nirenberg theorem. Let F be even with respect to u and L ∈ ∆ n ∩ ∆ n+k . We have sup{I (u; L) : u ∈ E k+1 , u ≤ ρ} < 0 for sufficiently small ρ. Then, by Clark's theorem there exist at least k + 1 nontrivial pairs of critical points of the functional I .
Step 3. Trivial solutions in the case B > 0. We consider the solvability of the inequality
where q(L) = inf{ p n (L) : n ∈ N}. Let 0 < B ≤
25
A 2 = h 1 and
If B ≤ h 1 , the inequality (9) holds iff L ∈ T 1 . Let l 0 = 0, h n < B < h n+1 and
If h n < B ≤ h n+1 the inequality (9) is satisfied iff L ∈ T n+1 . Let F be convex in the second variable and L ∈ T n if h n < B ≤ h n+1 . With an argument used in the proof of Theorem 1, we conclude that I is convex, positive for u = 0. Its only critical point is zero, and this completes the proof of Theorem 2.
